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A dual-mode solving method for maximum inscribed workspace curve
of Delta robots based on density field theory

Huang Feixiang, Yan Ran,Ma Pengcheng, Xia Lei,Zhao Qing

(College of Mechanical Engineering, Chongqing University of Technology, Chongqing 400054, China)

Abstract : To address the challenge of calibrating the workspace of Delta parallel robots, this study proposes a general solution framework of
searching the maximum inscribed working curve based on density field theory. This method constructs a continuous density field through the
statistical modeling of spatial point sets, which transforms the complex boundary determination problem into a density gradient extremum
detection problem. It effectively avoids the reliance of traditional geometric methods on the explicit modeling of complex surfaces and
simultaneously overcomes the inherent accuracy limitations of numerical discretization methods that depend on the sampling density and
require the complex parameter tuning. The core innovation lies in the development of a universal solver that does not rely on additional
parameters and a dual-path complementary mechanism: On one hand, the analytical formula method based on kinematic equations achieves
high-precision generation of the maximum inscribed curve by precisely calculating the proportion of effective points on the circumference,
making it suitable for the structural parameter optimization design; On the other hand, the numerical point set method based on kernel
density estimation (KDE) converts discrete point clouds into continuous probability density functions, identifies boundaries using extrema
and generates engineering-grade curves with built-in safety margins. Experimental results show that the maximum joint angle deviation of
the boundary curve obtained by the analytical formula method does not exceed 0.056°, which strictly satisfies the fourth-axis hyperbolic
surface constraint and the spherical hinge rotation angle limit, verifying the accuracy of the solution method. The safety margin experiments
demonstrate that compared to the boundary curve derived from the analytical formula method, the boundary curve generated by the

numerical point set method proactively reserves a safety margin in the radial direction and can serve as a limit boundary of actual motion
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control. In conclusion, this method combing the theoretical universality with engineering practicality provides a new theoretical tool for the

comprehensive study of trajectory planning, motion control and scaling of high-speed parallel robots.

Keywords : delta parallel robot; density field theory; maximum inscribed curve; KDE; kinematic constraints
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Table 2 Meaning of constraint parameters for the fourth axis
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Table 4 Point set solution curve result ( without

fourth axis constraint)

IR/ L33 B il EITE S5 A
mm BR/L et HRVL HA
d=1.0  120.488 37 815 062 120.161 32 749 090
d=2.0  118.403 9 453 649 118.227 8 187 344
d=2.5  117.619 6 050 316 117.208 5239 633
d=5.0  114.825 1512 537 114.363 1309 782
d=10.0  111.475 378 209 111. 195 327 447
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Table 5 Point set solution curve result ( with

fourth axis constraint)

SRR/ L2 3 B il EH T4
mm BR/L Pt HR/L HA
d=1.0 39. 862 15 671 435 39.842 13571 951
d=2.0 38.956 3918 046 38. 861 3392 841
d=2.5 38. 620 2 507 361 38. 441 2171 476
d=5.0 37.279 626 757 37.179 542 814
d=10.0 35.756 156 704 35.587 135 702
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Fig. 14  Diagram of formula method
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results comparison
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Table 6 Curve parameters comparison between point

set method and formula method
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Table 7 Selection of simulation and experimental

parameters (mm)
N HLR TR
7 mE
WA AR AR AR
=500 358.997 376. 000 424.102 440. 000
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Table 8 Comparison results between theoretical

calculations and simulations

mE/ CER/ RKRMES /MBS P22 44 {8/
mm mm ) ) ()
358.997  72.331522 -23.451437 1.684 23x1077
376.000 75.896 636  -23.223393 5 547 57x10°%
0 424.102  86.308 677 —21.991 085 1.218 36x1077
440.000 89.900 272  -21.401 348  2.685 3x1078
304.645  66.942 162 -11.130259 1.968 77x107’
319.000 69.779 345  —-11.348 065 -5.048 57x107%
% 400.846  86.891 590 —11.039 803  1.574 45x107’
414.000 89.859 179  —10.752 440  7.916 57x10°*
225.957  59.021 377 3.200 131 2.860 94x107®
239.000  61.356 561 2.583933  1.217 56x1077
o 367.615  86.692 225 0.030 540  2.227 54x107®
382.000  89.922 283 0.139 450  4.031 94x107®
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Fig. 17 The theoretical and simulated active arm

movements comparison at a height of Z=-500 mm
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Table 9 Comparison between simulation results

and experimental results
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(b) visualization
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Fig. 19 Experimental flow
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Table 10 Parameters of safety margin test curve

xk11 REMEZWHER
Table 11 Safety margin test resultse

o 2E42/mm ik 242/ mm WKIBENE/ () I/ NBBEAE/(°)
NER 414. 000 414. 000 84.072 -22.320
pUL S| 424.102 424. 102 86. 309 -21.991
A X [H] 430. 000 430. 000 87. 630 -21.783
R 2 440. 000 440. 000 89. 900 -21.401
AR 450. 000 450. 000 92.212 -20. 985
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Fig. 22 Comparison diagram of active arm movement

SLHRRAER] 5SmSR SR A R ISR 11 PR,

i 22 53R 10 PRYBE 2 Bl 45 . 1) NERIX
] 5 R AR 1230 A B B A TRl A YR 2) A
J3E DX ) 00325 1) fie R A1 R 87, 63°, AL 2T 90° 1R,

Y, 1 FE A TE (KDE ) et g — 4k 2 R K, 1 HTpR
BORARL RN LA R TR P R AR 2% vh s
] RS TAAT AL TR T 3. 2% ~5. 4% Z M, b
AR IzBraz sl i A BRAOE AT

3) ARALIR AR 2 A AL L 35% it — 2
PREL T 2540 2 Bl ot 1) B S e R N Ul 2SR A
Delta HLEF ARUEZZE AR BE T — DR — RN S8, H
ST A2 )X — PR SR MRS, e o T i ALt
F B PR B 2 B AR, X5 22 Delta I BEAL & A HLIE ML
)z S L R E LR S WA —E S5 i



R AL T Delta HLAS A R A D] AR 2R i SUSER i 5 vk 275

541
Sk
(1] B BRARIR, T (R0, 5. 2 T TARZS W 207 i 9

(2]

(3]

[4]

(5]

(6]

(7]

[8]

A HH R TUAY BRI M B AR [ ] LR TR 2
#%,2019,55(21) :51-63.

ZHAO ZH Y, XU ZH B, HE ] P, et al. Configuration
optimization of nine degree of freedom super-redundant
serial manipulator based on workspace analysis [ J ].
Journal of Mechanical Engineering, 2019, 55(21) : 51-63.
TRANGL ML B 50, 55, Delta HLAK T30 ) R &5
A LI AU T4, 2010,46(3) < 1-7.
ZHANG L. M, MEI J P, ZHAO X M, et al. Delta
mechanical manual force scale synthesis[ J]. Journal of
Mechanical Engineering, 2010, 46(3): 1-7.

CLAVEL R. Device for the movement and positioning of
an element in space; US19890403987 [ P]. US4976582A.
1990-12-11.

AR AL, 7. IR 2 3 5 A e
HERE[T]. #IVTR 2544 (TR ,2012,46(8) : 1345-
1359.

AL Q L, ZU SH J, XU F. Research advances in the
kinematics and strangeness of parallel mechanism [ J ].
Journal of Zhejiang University ( Engineering Science ) ,
2012,46(8) : 1345-1359.

DLLE R, BR A, 4. Delta FFEEHLES N2 3%
PEREZM T 545 S ERAL [T ], RO LB =41, 2024,
55(8) .446-458.

SHAN H J, YANG X Y, CHEN J P, et al. Kinematic
performance  analysis  and  structural =~ parameter
optimization of delta parallel robot[ J]. Transactions of
the Chinese Society for Agricultural Machinery, 2024,
55(8) : 446-458.

T2, BN BT 45, Delta R 5 IFBRPLAS ATF
FEHFR SR )], Mg A ,2014,36(3) :375-384.
FENG L H, ZHANG W G, GONG Z Y, et al. Research
progress and current situation of delta series parallel
robots[ J]. Robot, 2014, 36(3) : 375-384.

LARIBI M A, ROMDHANE L, ZEGHLOUL S. Analysis
and dimensional synthesis of the DELTA robot for a
prescribed workspace [ J ]. Mechanism and Machine
Theory, 2007, 42(7) :859-870.

DASTJERDI A H, SHEIKHI M M, MASOULEH M T. A

complete analytical solution for the dimensional synthesis

of 3-DOF delta parallel robot for a prescribed works-

(9]

[10]

[11]

(12]

[13]

[14]

[15]

[16]

pace[ J]. Mechanism and Machine Theory, 2020, 153;
103991.

BT AENL. = A B Delta FFIRHLEF NI8 3753
W B TAEZSRRAR [ )] AR5 TR 2440, 2008 (1)
93-96.

LIANG X N, NIU ZH G. Kinematic analysis and working
space solution of three-degree of freedom Delta parallel
robot[ J]. Journal of Taiyuan University of Technology,
2008( 1) : 93-96.

Al =AM EIFRALSS A TAES BB D]. K
HE R HEHE T K2 ,2010.

GAO Y R. Research on working space of three-degree of
freedom parallel robot[ D]. Tianjin: Tianjin University of
Technology, 2010.

B L. DELTA JEHRALAS A5 28U 5 1 sh )
WFFEL D] MR G /R Tk K5, 2013,

HUANG H ZH. Research on structural parameter optimiza-
tion and motion control of DELTA parallel robot [ D].
Harbin: Harbin Institute of Technology, 2013.

PP, TR, XIH. Delta L7 A 2549 2 505 1
TAEAIZ R RBE )], BT S, 2015(2)
154- 156, 160.

LIANG Y Y, WANG X J, LIU H. Research on the
relationship between Delta robot structural parameters and
expected working space [ J ]. Machinery Design &
Manufacture, 2015(2) : 154-156,160.

HONG J H, LIM J H, LEE E, et al. The workspace
analysis of the delta robot using a cross-section diagram
based on zero platform[ J]. Machines, 2024, 12(8):
583.

ANVARI Z, ATAEI P, MASOULEH M. Collision-free
workspace and kinetostatic performances of a 4-DOF Delta
parallel robot [ J]. Journal of the Brazilian Society of
Mechanical Sciences and Engineering, 2019, 41(2) :99.
XA TESNAN ORI, 5. DELTA JRECHL & A S K
WA TARZS [ B LATR [ C]. 2001 4 [ GE A 3)
P28 SCAE (M) L2001 :630-635.

LIU X J, WANG J S, MI P B, et al. Geometric solution
of the maximum inscribed working space of DELTA
parallel robot[ C] Proceedings of 2001 Chinese Conference
on Intelligent Automation ( Volume 1), 2001 630-635.
LM, = B B B Delta JfBEHL 28 A T AE %5 1] BF
FL[D]. U2 R ERE,2018.



276 & L R ¥ W W4T %
JIANG Y H. Research on workspace of three-degree of 2459358.
freedom Delta parallel robot [ D]. Xi’an:; Chang’an  [25] SILVERMAN B W. Choosing the window width when
University, 2018. estimating a density[ J]. Biometrika, 1978, 65(1); 1-
[17] YANG ZH Y, TIAN W, WANG H Y, et al. Snake-like 11.
robot workspace solving method based on improved monte [26] X7, ARLET ,BRASHL. Delta BIIFBRHL AR A8 5h2F 1E fff
carlo method [ J]. Applied Bionics and Biomechanics, JUMRTRRR [ 1] WA JRIE Tl K444, 2003 (1) £ 25-27.
2025, 2025(1) :6125695. ZHAO J, ZHU Y H, CAI H G. Delta parallel robot
(18]  XUFRFS KLY S04 SC. 35300 18 Bl A5 4 1195 1) st o positive kinematical geometry solution [ J]. Journal of
L[ T]. AN HBFFT ,2025,42(2) :501-506. Harbin Institute of Technology, 2003( 1) ; 25-27.
LIU CH L, LIU J X, GUO K W. Obstacle avoidance [27] BFT. Delta Ples Nig S @M RTE[D]. K. K
method based on channel dynamic window method [ J]. JEH T K2, 2008.
Application Research of Computers, 2025, 42(2) ; 501- LIANG X N. Kinematical modeling and simulation of
506. Delta robot[ D]. Taiyuan: Taiyuan University of Tech-
[19] skl ik IEZE R a%A2, 4. bl & BRI M nology , 2008.
JBA 2 H S AF T[T ], DN 4% 5E ), 2023 (10) ; 135- [28] Xlsif. Delta JFBRAL AR A TAE % (0] 20 B K2 5 Hifk
139. B[ D]. B W T K%, 2023.
ZHANG H SH, ZHANG ZH J, SONG Z Y, et al. Self- LIU J Q. Working space analysis and parameter
adaption simplification of rail contour point cloud by optimization of Delta parallel robot [ D ]. Kunming:
fusion clustering algorithm[ J]. Bulletin of Surveying and Kunming University of Science and Technology, 2023.
Mapping, 2023(10) : 135-139. [29] FHTEDE %5, R 45 HT IR PRSI Delta J1BX
[20] ZHU Y H, LIJ R, XU Y N. Improvement of 3D green WIS NRZ DI [T]. HRRFFEHR(AREFR),
volume estimation method for individual street trees based 2025,65(7) :1336-1346.
on TLS data[ J]. Forests, 2025, 16(4) :690. SHANG D Y, PAN CH, SUO SH F, et al. Delta parallel
[21] X0, ST FA: =2 sz TR RO T S B i i robot error analysis based on spin theory[ J]. Journal of
FE[D]. 3k . NI RHE K24, 2023. Tsinghua University ( Science and Technology ), 2025,
LIU R H. Research on extraction algorithm of geometric 65(7) : 1336-1346.
feature size of 3D point cloud of parts[ D]. Baotou: Inner ~ [30] FATEH A, MOMENI H. Model-free adaptive task-space
Mongolia University of Science & Technology, 2023. sliding mode control of a Delta robot using a novel
[22] DEY E K. Roof boundary points extraction from LiDAR reaching law[ J]. ISA Transactions, 2024, 149; 69-80.
point cloud data using adaptive neighbourhood-based a- [31]  Fv8t05 W RtG, AR IE, 55, LT 2 HAn Ak i Tolk
shape algorithm[J]. IEEE Access, 2025, 13; 163896- HLAS AN B 5B ERTIE[ )] AU R 2],
163906. 2023,44(12) ; 217-224.
[23] SR, E0E, 1B, 55 EFHLE 0 A TG 5 HE i QIAO G F, JIANG X Y, GAO CH H, et al. A method
PO B 5 8 0 F AR [ 1] 8 85 b B 2%, 2024, for improving position and attitude accuracy of industrial
61(7) :1805-1813. robot based on multi-objective optimization[ J]. Chinese
WU F Y, HUANG W Q, TIAN X, et al. Recognition Journal of Scientific Instrument, 2023, 44 (12); 217-
and positioning technology for unordered stacking of 224.
watermelons based on machine vision [ J]. Xinjlang  [32] B AR RETEAE, S ST LR B BRI O
Agricultural Sciences, 2024,61(7) : 1805-1813. FL 2R N TCRE I FA] ()] i 7 s
[24] WANG X, CUL M, LI W, et al. Topology optimization of A ,2025,48(18) :73-81.

structures with steady-state heat conduction using an
improved parameterized level set method [ J]. Mechanics

of Advanced Materials and Structures, 2026, 33 (1):

YANG ZH Y, XU B, XIONG Y H, et al. Tracking
planning of non-collision line for transmission line patrol

robot based on 7th B-spline curve [ J]. Electronic



541

R AL T Delta HLAS A R A D] AR 2R i SUSER i 5 vk 277

[33]

[34]

[35]

[36]

Measurement Technology, 2025, 48(18) . 73-81.
WERANE  ZoA8 00, 4 T, 45, —Fhal & ik 2 HLEE A
PEAERRI[ )], oI 5 A AR 4k, 2025,39(9) : 55-
64.

YAOM H, LI M H, NIU Y, et al. Multi-robot path
planning with fusion algorithm[ J]. Journal of Electronic
Measurement and Instrumentation, 2025, 39 (9). 55-
64.

ABRO G E M, MAHMOUD E. A hybrid pso-aco
algorithm for precise localization and geometric error
reduction in industrial robots [ J ].
2025, 12(1) ; 70-76.

ZAMECNIK S, HOROVA I, KATINA S, et al. An

Instrumentation ,

adaptive method for bandwidth selection in circular kernel
density estimation [ J ]. Computational Statistics, 2024,
39(4) . 1709-1728.

LI CH, HUA X H, WANG W B, et al. A skewness-
based density metric and deep learning framework for
point cloud analysis: Detection of non-uniform regions
and boundary extraction[ J]. Symmetry, 2025, 17(10) :
1770.

fEEE N

R, 2020 4F T HE P T RAE ARG
e 3 VAR G 5 B W N o e w1 R S =
BERESETT 18R Tl Bl A58 Al
E-mail ; huangfx@ stu. cqut. edu. cn.

Huang Feixiang received his B. Sc. degree
from Chongqging University of Technology in
2020. He is currently a master’s student at Chongging University
of Technology. His main research interests include dustrial robot
and intelligent manufacturing.

BRoA G5 1R ) , 2010 4F T4 th L4
REEAFE AL, 2016 AF FAE P RHE R 2
R CILS RS VTS ) S N o E S €
EEWIFETT 0 R IE 2 A S AL
AEHIE 5 AL AL A5

E-mail ; yanran@ cqut. edu. cn

Yan Ran ( Corresponding author) received his B. Se. degree
from Huazhong University of Science and Technology in 2010,
and his Ph. D. degree from Huazhong University of Science and
Technology in 2016. He is currently an associate professor at
Chongqing University of Technology. His main research interests
deep learning and vision, intelligent

include computer

manufacturing and industrial robots.



